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Abstract: This paper is concerned with whether or not the preferential
gauge can ensure the uniqueness and correctness of results obtained from
the standard time-dependent perturbation theory, in which the transition
probability is formulated in terms of matrix elements of Hamiltonian.
For a dynamical quantum process, the major objective of the existing
perturbation theory is to calculate the transition probability between differ-
ent eigenstates. The theory, which was proposed by Dirac at the very early
stage of quantum theory[1] and has been serving as an important part of
quantum mechanics in textbooks[2], gives an analytical expression of transi-
tion probability in terms of matrix elements of the Hamiltonian representing
perturbations.
It was noticed that the transition probability given by the Dirac theory
is not gauge-invariant[3], which suggests that the uniqueness of the theory,
thus the correctness of the theory, is, at least in principle, questionable. A
debate concerning the gauge uncertainty of the theory occurred in the last
several decades and the debate was “finally” ended up with the concept
of the preferential gauge[3-5], which implies a vanishing vector potential
A(t) whenever the electromagnetic perturbing field becomes zero. With
the introduction of the concept, the gauge difficulty of the Dirac theory is
regarded by many of the community as being resolved.
However, as we believe and this paper will argue, the issue is far from
closed. Many related questions, of which some are quite essential and fun-
damental, can be raised. Firstly, the preferential gauge does not seem to
be a basic concept in the practical realm: Except imposing an additional
constraint upon the perturbation theory, it has not found any way into other
physical theories. Secondly, the relationship between the preferential gauge
and the perturbation theory is kind of peculiar: The preferential gauge is
assumed vital for the theory to hold, but one is not able to build it into the
derivation of the theory. (In standard textbooks, the perturbation theory is
derived from the Schro¨dinger equation without recourse to a special gauge.)
Thirdly, one notices that invoking a special gauge to save a theory is never
a good exercise whereas effort associated with pursuing a gauge-invariant
theory usually boosts up physics development. (At this point, it is quite rel-
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evant to mention that the counterpart of the perturbation theory in classical
mechanics[6] has been criticized and challenged by various authors[7-10]. In
particular the gauge difficulty of the classical theory, which is very similar
to that to be discussed here, was pinpointed and analyzed in Ref. 10.)
Let us start with recalling the standard time-dependent perturbation
theory briefly. In the theory, the Hamiltonian H of a quantum system is
separated into two parts
H = H0 +H1, (1)
where H0 is called the unperturbed Hamiltonian, which represents the un-
perturbed system, and H1 may be named as the perturbing Hamiltonian.
For a single charged particle, the perturbing Hamiltonian reads (m = c =
Q = 1 and A0 = 0 in this paper)
H1 = −p ∗A+Φ, (2)
where A ≡ A1 and Φ ≡ Φ1 represent the perturbing field and the term
proportional to A2 has been omitted. The symmetry operation ∗ is so defined
that for any two quantity f and g we have
f ∗ g =
1
2
(fg + gf). (3)
Mainly due to Dirac’s idea, the formal solution of the Schro¨dinger equation
is expressed as
Ψ(t) =
∑
l
Cl(t) exp(−iωlt)Ψl(q), (4)
where Ψl(q) stands for an eigenfunction of H0 and Cl(t) is assumed to be
a slowly-varying pure number. By substituting (4) into the Schro¨dinger
equation, we obtain a set of coupled differential equations
ih¯
dCl
dt
=
∑
s
Cs(H1)ls exp(iωlst), (5)
where ωls = (ǫl − ǫs)/h¯. The direct integration of the equations yields
Cl(t) = Cl(t0) +
1
ih¯
∑
s
∫ t
t0
[Cs(H1)ls exp(iωlsτ)]dτ. (6)
By assuming the system to be initially in the s-state, namely
Cs(t0) = 1, Cl(t0) = 0 (if l 6= s), (7)
and assuming (7) to hold approximately for the time period of interest, we
obtain the transition probability from the s-state to the l-state
|Cl(+∞)|
2 =
∣∣∣∣1h¯
∫ +∞
−∞
(−p ∗A+Φ)ls exp(iωlsτ)dτ
∣∣∣∣
2
. (8)
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There is something worth mentioning about the resultant transition
probability. Though we have not made any gauge choice, Eq. (8), which
represents an observable quantity and is supposed to be gauge-invariant, has
some thing to do with gauge choices. Explicitly speaking, if we make the
following replacement
A → A+∇f, Φ→ Φ− ∂tf, (9)
where f is an arbitrary differentiable function with respect to space and
time, we will obtain a result that differs from (8) in terms of the choice of
f .
Now, we examine whether or not the introduction of the preferential
gauge can, in any sense, provide a remedy for the situation.
As a first step, we consider a case in which an electron of a hydrogen-like
atom is subject to a pure electric field. To describe the perturbation, we
may choose the gauge field as (since the magnetic field is zero)
A(I) = 0, Φ(I) = −
∫
E · dq; (10)
or we may equivalently choose
A(II) = −
∫
Edτ, Φ(II) = 0. (11)
Under the gauge choice II, the transition probability from the l′-state to
the l-state is
|C
(II)
l (+∞)|
2 =
∣∣∣∣1h¯
∫ +∞
−∞
(−p ∗A)ll′ exp(iωll′τ)dτ
∣∣∣∣
2
. (12)
If only the transition between different energy states is of interest, the fre-
quency difference between the initial state and the final state is nonzero
ωll′ = (εl − εl′)/h¯ 6= 0. (13)
Under this condition, we can integrate (12) by parts and obtain
|C
(II)
l (+∞)|
2 =
∣∣∣∣
∫ +∞
−∞
1
ǫl − ǫl′
(p ∗ ∂tA)ll′ exp(iωll′τ)dτ
∣∣∣∣
2
. (14)
In obtaining (14), we have assumed
A(−∞) = A(+∞) = 0, (15)
which is usually interpreted as the “preferential gauge” and note that ex-
pression (15) requires the average value of the electric field to be zero∫
∞
−∞
Edτ = 0. (16)
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Under the gauge choice I, we obtain from (8)
|C
(I)
l (+∞)|
2 =
∣∣∣∣1h¯
∫ +∞
−∞
(Φ)ll′ exp(iωll′τ)dτ
∣∣∣∣
2
. (17)
By assuming that the problem is discussed in the energy representation, we
have
(Φ)ll′ =
(
H0Φ− ΦH0
εl − εl′
)
ll′
= −
ih¯
εl − εl′
(p ∗ ∇Φ)ll′ . (18)
Therefore, (17) becomes
|C
(I)
l (+∞)|
2 =
∣∣∣∣
∫ +∞
−∞
(p ∗ ∇Φ)ll′
εl − εl′
exp(iωll′τ)dτ
∣∣∣∣
2
, (19)
which is indeed identical to (14).
The formulation above has seemingly illustrated the effectiveness of the
preferential gauge. However, a careful inspection can tell us that the signif-
icance of the illustration above is quite limited in the following senses. (i) If
the perturbation contains transverse electromagnetic fields the entire formu-
lation does not work at the very beginning. (ii) If we consider the transition
probability between energy-degeneracy states (for instance the transition be-
tween states that have different angular momenta) the frequency difference
ωll′ becomes zero, and the strategy of employing the integration by parts,
which is a necessary and important step in the formulation above, will no
longer be applicable. (iii) That the average value of electric perturbation
vanishes is just a convenient theoretical assumption. For many realistic
cases (say, if we study the electric field of a laser pulse), the situation is just
otherwise.
As a matter of fact, in accordance to the three respects aforementioned
we can find out concrete examples in which the preferential gauge is not
a valid concept. In what follows, a hydrogen-like atom perturbed by a
magnetic perturbation will be investigated. We will employ both classical
mechanics and quantum mechanics to do the investigation. We know that
classical mechanics is in the situation an approximate theory; however, if
we artificially let the involved particles be heavier and heavier (or let h¯
be smaller and smaller), results obtained by using classical mechanics will
become better and better. By comparing the results of different calculations,
we can get a better understanding about the essence of the issue.
Suppose that the magnetic perturbation turns on and off around the
time t = t1 and at the time t = t2 and the field can be expressed by
B = ǫT (t)ez, (20)
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where T (t) is a function whose time-dependence is plotted in Fig. 1. In the
situation, we may let the gauge field take the form
A(I) = ǫT (t)
(
−
y
2
ex +
x
2
ey
)
, (21)
or
A(II) = ǫT (t)xey. (22)
Note that both the gauge fields conform to the concept of the preferential
gauge though the corresponding electric fields are slightly different:
E(I) = ǫ
∂T (t)
∂t
(
y
2
ex −
x
2
ey
)
. (23)
and
E(II) = −ǫ
∂T (t)
∂t
xey. (24)
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If we use classical mechanics to investigate the process (in such case the
problem is solvable rigorously and approximately[11]), we can easily arrive
at the following conclusions: (i) Both the energy and angular momentum
of the system will be disturbed when the perturbation is on. (ii) Both the
electric and magnetic components of the perturbation will have their own
effects. (iii) When the perturbation field is not very strong the disturbance
of the system is linear. (iv) If the time intervals of the turn-on and turn-off
(namely, the time interval ∆ = t+1 − t1 = t2 − t
−
2 in Fig. 1) are relatively
long, the final state of the system will roughly be the same as the initial
state; otherwise, the two states will differ from each other.
If we use the quantum perturbation theory to investigate the same prob-
lem, we get confusing results. When the gauge field I is used to do the
calculation the perturbing Hamiltonian is
H1 = −ǫT (t)(xpy − ypx)/2. (25)
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By assuming the initial state to be specified by the quantum numbers n, l, k,
which are the energy, azimuthal and magnetic quantum numbers respec-
tively, we arrive at
|C
(I)
n′j′k′(+∞)|
2 ∝ 〈n, j, k|H1|n
′, j′, k′〉 ∝ δnn′δjj′δll′ . (26)
If either one of n′, j′, k′ is different, the transition probability is zero, which
simply means the system get no change at all (no matter whether or not
the perturbation is applied). If the gauge field II is used to do the same
calculation the transition probability becomes
|C
(II)
n′j′k′(+∞)|
2 ∝
∣∣∣∣〈njk|xpy|n′j′k′〉
∫ +∞
−∞
T (τ)eiωnn′ τdτ
∣∣∣∣
2
, (27)
which is nonzero particularly when n = n′.
More careful analyses[11] show that the deep root of the gauge difficulty
revealed in this paper lies in that the expansion postulate expressed by (4)
is not truly valid. In order to expand a dynamical wave function into such
series, we have to ensure not only that the eigenfuntions in the expansion
are complete and orthogonal but also that the coefficients of the expansion
are convergent, normalizable and depending on time only. Contrary to the
usual thought, these requirements cannot be generally satisfied.
By investigating the issues aforementioned, we are convinced that the
existing quantum dynamical theory indeed needs a certain kind of reconsid-
eration[11,12].
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